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KINETIC THEORY OF INHOMOGENEOUS SYSTEMS

John C. Price
Laboratory for Theoretical Studies
Goddard Space Flight Center-NASA

Greenbelt, Maryland

A theory is developed which treats the coupled equations of the
various hierarchies as simultaneous equations in time. This
scheme proceeds by successive approximations rather than a power
series expansion in the small parameter ([nkf]"l in a plasma,
nr03 in a Boltzmann gas). The theory is suitable for the derivation
of equations for non~uniform and force driven systems. Examples

are given for a plasma and a Boltzmann gas.



I. Introduction

Although the goal of kinetic theory is the description of general non-
equilibrium systems, most present work is directed toward obtaining small
corrections to the behavior of infinite homogeneous systems. However for an
inhomogeneous system the domain of validity of such corrections becomes
smaller and smaller as their accuracy increases. Thus while the first ap-
proximation (to the collision integral) may be presumed accurate when L >>r
or A ,, where L is a characteristic macroscopic length and r, or A4 @ typical
interaction length, the next correction will be quantitatively significant only
for L > A .. free patns ©tC. Since spatial gradients and external forces are
generally used to create non-equilibrium systems, the experimental verifica-
tion of the theories will prove difficult.

In addition the assumptions needed to obtain kinetic equations (Section III)
are weak enough so that equations for non-uniform and force driven systems
should be easily derivable. The fact that they cannot be derived indicates
that some aspect of the problem has been overlooked.

Finally it appears that most expansions in kinetic theory diverge, so that
the mathematical simplifications must be underlaid by a physical error.

In such a case one has reason to reexamine the basic procedures of kinetic

theory, and to seek a first order theory (the first approximation to the collision

term) which is as simple and general as possible.



Most modern work in this subject is based on the formulation of Bogoliubov,1
who set up the hierarchy of equations and a procedure based on expansion in a
small parameter for solving them. In the case of a Boltzmann gas (Section VI)
Bogoliubov's procedure breaks down for an inhomogeneous system because the
boundary conditions (at r = ©) which he imposed are not satisfied, and are not
relevant to the physical problem.

His theory with some modification can be applied to yield a first order
plasma kinetic equation for an inhomogeneous system, because three particle
effects (shielding) are included in the plasma theory. However in this case
the weakening of correlations described by Bogoliubov has been omit;ted,2 S0
that the theory is unsuitable for non-uniform systems.

At higher orders Bogoliubov's procedure corresponds to the calculation of
correlation functions in successive intervals of time, which disagrees with his
statement of the time scales involved (Section III). Nevertheless we believe
that Bogoliubov obtained the first order theory almost correctly, and in the
present work we attempt to correct the difficulties which appear in the higher
orders.

Sections II and III, which are non mathematical, discuss the motivation for
the work, the significance of the small parameter, and the role of time. The
statement of the procedure to be used appears in Section III-D.

In Section IV the first order plasma theory is developed, and in Section V
the second order theory is compared to the quasilinear theory3’4 and the recent

work of Dupree 2




Section VI contains a discussion of a Boltzmann gas, while Section VII con~

tains a brief application to an equilibrium plasma.

In the conclusion the general outlook for the theory is discussed.

II. The Purpose of Kinetic Theory

In a mathematical sense the description of a complex physical system
(N ~1023 particles) by one or several continuous functions obeying relatively
simple equations is not justified. The equations of motion are known (ignoring
quantum mechanical effects, and in the present treatment, radiation) so that in
principle there is no need for further approximations.

In fact, of course, one cannot solve these equations for the motion of the N
particles comprising the system. In addition the necessary boundary condition
(typically the initial state of the system) cannot be given by experiment, so that
even a formal solution to the equations of motion is not useful.

Thus our theory is necessarily statistical. We believe that the justification
for our procedures will ultimately come from statistical mechanics, but this
justification is lacking at present, except in the case of thermal equilibrium.

It follows that the theory is completely ad hoc until experimental evidence is
available. In this respect verification of the Boltzmann and Vlasov equations
represents the major evidence that the theory is headed in the right direction.
For the same reason we attempt to drive theory toward experiment by con-
sidering non-uniform and force driven systems, as they typically represent non-

equilibrium experimental situations better than homogeneous field free systems.



One may conceive of experimental verification of the theory at many levels.

AV ~ A3

A small detector (AV ~ A3 Debye)

mean free path’

may measure the directed
flow of particles in order to measure the one particle distribution as a function
of time. A pair of such detectors spaced closely together may be used to ob-
tain the evolution of the pair correlation function, etc.

In fact such detailed measurements are virtually impossible, so that only
crude comparisons with the predictions of kinetic theory may be achieved. For
this reason we treat basic physical principles as internal constraints on the
theory, even though direct experimental verification may prove difficult. In
the present work the conservation laws of particle number, momentum and

energy will be used as a test of the theory.

II. Fundamental Assumptions

A. Mathematical Framework

Since the procedures to be used in setting up a kinetic theory are a matter
of choice we must be careful to justify the equality sign in any equations we use.
For this reason we work with a hierarchy of equations which can be derived
rigorously. The Bogoliubov-Born-Green-Kirkwood~Yvon hierarchy is natural
for a Boltzmann gas (Section VI), while the Klimont;ovich-Dupree,6'7 equations
are more convenient for describing a plasma (Section IV). We also work with
another (quasilinear) hierarchy (Section V) first mentioned by Dupree,8 because
it is mathematically simple. We believe that these latter equations are unsuitable

for describing real systems because of the absence of source terms in f, but they




permit a direct comparison with quasilinear theory and its extension by Dupree.®

It should be emphasized that the functions satisfying the above equations are not
the quantities of physical interest. Each closed set of equations obtained by
setting the (n + 1)th correlation function equal to zero is fully time reversible,
while we seek equations describing an irreversible approach to a limiting state,
e.g. thermal equilibrium.

In what follows we justify the continued use of the equality sign by keeping
our equations formally identical to those of the respective hierarchy. We ob-
tain successive approximations to a set of correlation functions, where the dif-
ference between the exact functions and the approximate functions remains in

the equation and may, in principle, be determined.

B. The Use of the Small Parameter

We consider each of the three hierarchies as a time reversible (and hence
improper) approximation to a different set of equations (a kinetic hierarchy)
which describes the quantities of physical interest. The arguments that follow
apply to the physical quantities rather than the solution by direct integration of
the various time reversible equations.

We may begin by specifying the relative importance of terms in each
equation by scaling velocities, lengths, times, etc. to those which are believed
to dominate the physical behavior. We do not carry out the procedure here,

but simply state that it leads to the appearance of a small parameter. This



parameter (to be called ) is essentially nr 3 in a Boltzmann gas, and (n>\Deby63)_1
in a plasma. In most physical situations the numerical value of [ is 1072 or less,
but it may be somewhat larger without destroying the significance of the theory.
We choose to work with unscaled quantities, and insert a coefficient 5 = 1 where
the small parameter appears in the scaled equations. The significance of 3 in
the theory we wish to set up is the following:

We demand that the sequence of functions obtained by including more and

more physical effects (i.e., additional terms in 3 in the equations) be convergent.

Thus

W(Bnﬂ) — q;(/@n) _
¥(8)

o(s")

This severe requirement is weakened by several conditions which cannot

be avoided.
1. The requirement cannot be satisfied over all of phase space. For ex-

ample the ordering in 3 breaks down for short distances | r, o, |

2

~ qz/mvthermal in a plasma, and for large distances |ri Tr | ~A

mean freepath
in both a plasma and a Boltzmann gas. Thus convergence is strictly
required only in the region specified in the original ordering.

2. For short times (t <t the ordering procedure is meaningless.

collision )
Here we use procedures discussed in Part C.
3. It is possible that solutions may diverge after long times. This is un-

. . ‘
important provided the system effectively reaches an end state before

6




the divergence occurs. We find asymptotic behavior by special pro-
cedures such as transport theory (e.g., Ch:a.pma.n-Enskog9 theory) rather
than by direct integration in time.

Although the demand for convergence does not specify a mathematical pro-
cedure, we believe it eliminates the one most commonly used. In general a
perturbation expansion in 8 maps the flow and scattering of particles onto
higher and higher order terms, while in fact they are moved about within the
same function. The expansion breaks down after the displacement of a sub-
stantial number of particles in some region of phase space. Because expansions

may be expected to diverge, we do not expand. Instead, we truncate at a given

level consistent with the "small' statistical effect in the next higher equation,
and attempt to solve the resulting equations exactly. At a given level a perturba-
tion expansion may be convergent for numerical estimates, but the expansion
must be reappraised at each higher level of approximation.

Obviously convergence does not determine a mathematical procedure, it
only puts a '"boundary condition' on the techniques that may be used. We believe
that the physical behavior is representcd by an intricate mathematical de-
pendence on the small parameter, so that a statement of a general mathematical

procedure is not possible.

C. The Significance of Time

Our conclusions regarding time are similar to those of Bogoliubov.1 Our

statements apply to quantities which we might conceivably measure in the



laboratory, for which we wish to obtain equations. If we consider the behavior

of a physical system which is set in motion at some instant of time, then the

evolution may generally be broken into three phases.

1. In a time of the order of a collision time t_an arbitrary initial state
will relax so that the correlation functions become substantially func-
tions of the one particle distribution f, and hence of one other. Some
effects of the detailed initial conditions may persist (e.g., in the case
of plasma instabilities); these must be included in the theory. During
the initial relaxation no general procedure (including ordering) is valid,
and kinetic theory is entirely an initial value problem.

In the mathematical theory integrals over the product of a potential
and a correlation function appear frequently. If the initial conditions
are reasonable then these integrals may reach their asymptotic form
much more rapidly (t ~ ry/v,, . ort ~ ADebye/Vthermal)' This is

the relaxation time described by Bogoliubov.

2. Following the initial relaxation f decays roughly as 4f/dt = l/tc(f - fo) ,
i.e., rapidly at first and then more and more slowly while approaching a
local end state f,. In the early stages the separation of times 1 and 2
breaks down and the theory we develop is less valid. This is not im~-
portant, as we are generally interested in the asymptotic behavior of f,

rather than the precise way it gets there. The aim of the present paper

is to find equations valid during this second regime. These equations




should describe the final relaxation of the correlation functions as they
become functionals of f, and the subsequent evolution of f.

3. The third time is often given by L/v but it is better described as

thermal?
the decay time for a macroscopic state, e.g., a thermal gradient or a
gaseous shock. In this regime a description by transport theory should
be adequate.

The second and third time intervals are described by the solution of the
kinetic equation, while only the first time interval is relevant for the derivation
of kinetic equations. In particular we consider the end of the first time interval,
as the system approaches asymptotically the kinetic regime. Difficulties (e.g.,
the breakdown of ordering) early in the first phase are avoided simply by con-
sidering t always in this asymptotic limit.

In a plasma some effects of initial conditions may persist in this limit. If

a general equation might be written

d _ v _ _
(5;+H>\p+q>(t—0)a—x = L(t)ect = 0)

then the term on the right is permissible, providing the operator {(t) eventually
carries L(t) ®(t = 0) to 0. The term ®(t =0) d¥/9x is improper as it continues
to affect the evolution indefinitely. This is contrary to our demand (relaxed
perforce in Section VI) that the evolution of the system depend only on f after

sufficient time. In addition this term must vanish if the evolution is to be



independent of the origin of time. This reasonable requirement also implies the
condition £(t) L(7) = L(t + 7).

In what follows all equations are treated as simultaneous equations in time.

D. Formal Procedure

The procedure we advocate is one of successive approximations. For
simplicity we discuss the first order statistical correction to the S8 = 0 equations.

1. The equations of the hierarchy are integrated for the case 8 = 0. It is
important to keep the streaming (homogeneous) solutions for the cor-
relation functions, although these terms frequently may be neglected in
the solution of kinetic equations. The resultant expressions for the
correlation functions ¥(8 = 0)are then substituted into the small (8)
terms in the hierarchy. The difference between these expressions and
the (unknown) exact solutions remains in the equation, but is now higher
order ¥ -¥(B=0) = O(A¥), and would be considered in the second order
theory.

2. The small term S8Y_, will, in general, contain an integral over the

earlier behavior of lower order correlation functions

BY ™ J ar [¥, (1), ¥, () - i(r))
0

The behavior of the lower order functions is now approximated by the
5 = 0 solutions such that all correlation functions are evaluated at the

10




same time t. Thus
¥(r) = L (7, t)¥_ (t) + J { Yar
t
where the operator .Cn is the streaming operator that carries ¥_from

time t to time 7.

3. The¥ (t) ¥ _, (t)- - -are now considered to be the exact correlation

functions (rather than the 8 = 0 correlation functions) so that the ap-
proximation is thrown over from the functions ¥ to the operators L. As
we are deriving equations rather than solving them, we are approximating
(scattering) operators rather than functions.

4. The scattering operators involving time integrals are now evaluated.
There is now a difficulty which appears in the first order theory, and
presumably in the higher orders. The operators just defined are not
mathematically proper, e.g., they may diverge. This must be corrected
by making each operator consistent with the small (order 3) operators
in the next higher equation. The reason for this difficulty is found from
examination of the resulting equations: we are using the approximation
£ = 0 in order to get a grasp on the problem, but the desired result is
not analytic at 8 = 0. In general this consistency is the most difficult
part of the theory to obtain, but since it represents a small (order j)
effect on an operator which is already small, the theory is not sensitive

to the exact method chosen.
11



The resultant equations represent the kinetic hierarchy including
the first (order B) statistical effects.

Although we can easily generate a formal statement and notation for going
to arbitrary order in 5, the added weight and complexity add nothing to the
theory. Instead we describe the general procedure only so far as we are able
to carry it out explicitly, and to the level of the first equation we cannot solve.

We state two features that are not immediately apparent. Firstly, we are
obtaining successive approximations for a correlation function ¥_as a function

y y ***, f). It follows that the

of lower order functions; ¥ = ¥ (V¥ n-2

n n-1?

kinetic hierarchy closes naturally at each level n. Secondly, the analylic solu-
tion at the level ,8{ is required for the construction of the B{;’” equations. This
illustrates forcibly that it is not possible to obtain corrections to equations
which are already insoluble.

Despite the fact that the theory is convergent by definition (if this cannot
be arranged a new ordering is necessary), so that one may in principle go to
any order, we have no proof that this is a correct procedure. The question of

validity lies outside the theory.

IV. First Order Plasma Theory
Our techniques follow the methods developed by Dupree? in his brilliant paper
of 1963. The equations are those developed by Klimontovich and Dupree; they

are equivalent to those of the BBGKY hierarchy. The one particle distribution

12




for species 4, £, (r,, v, t) is normalized so that

where N is the local particle density and E# is the system average density.

f satisfies the equation

= - 52—’;6%1 - (5F, SE) (1)
where X, = (ri, vi) , B is the ordering parameter, and the second notation for
the collision term is often convenient.

The electric and magnetic fields (E and B) are determined from Maxwell's
equations, and will be regarded as known. We shall treat the forces as con-
stant in time (an adiabatic hypothesis), which is valid if the correlation functions
reach their asymptotic values rapidly compared to the variation of the fields.10
In our examples we consider forces which are constant in space, although they

may in general vary over distances much greater than a Debye length.

13



The zero order (£ = 0) solution to (1) is f (Xl, t) = e V(DT £, (Xl, t :O)

where the operator e V! runs the particles backward on their orbits

q
r(t) = v(t), v(t) -~ ﬁ [E(r) + V(Ct) y B(r)]

from the initial point r(0) = r; v(0) = v. If the solution to the zero order
(Vlasov-Maxwell) equations is not known it is not possible to go to first order.
As implied by the right side of Eq. (1), we use the Coulomb approximation in
treating fluctuations in the system. Electromagnetic effects may easily be in-
cluded in the theory,11 but they complicate calculation considerably. For
present purposes any fluctuating field E is related to the fluctuation density f by

Poisson's equation

_ _ 1 .
E(r, t) = - nog | X'V ——F (X', t)
v v \I'_I',' v

In order to permit comparison with Section V, we write the equation for the
general correlation function (ignoring particle specieslz) h X, X, "X 5t).

» Ry

We define the Vlasov operator

3)a
3]

+

ol %
%
=
@
<o

. B )
V(i) = v, '——81‘.1 +

14




the fluctuation operator

, _
TGy = V(i) - =8 ~jdXi’Vi e

and the interaction operator

. ng
0(i, 3) ~ Tn-av.jdxjvir—

Thenh satisfies the equation

3 n n n—1
9t +ZT(i> h, +ZO(1, n+1) th("" X, ) LS (""xnﬂ) Bhp 50
i=1 =1 m=2

(2)

In the sum on m the remaining coordinates are distributed in all ways such
that each appears once, and rearrangements within a function are not distinct.
The correlation functions h_ are related to those of the BBGKY (g _, with

g, = "g", g5 = "h", etc.) by

hn = gn+Zgn_1 (“"xi—l’xi‘*l’xj’ ) A(xi’xj)+zgn—2<.”)M

i7j

b £(X)) AKX, X)) A(XL X)) AKX X)) @)

15



wherel3

A(X., Xj) = %‘S(ri—rj) S(Vi—vj)

The first correction in 3 to the equation for f may be found by calculating
h, to zero order. We set 5 = 0 andn = 2 in Eq. (2), and use the more

familiar notation h, = (5f5f).

[;% + (1) + T(z)] Gesfy = 0 4)

As pointed out by Dupree a product solution is possible. We define a

propagation operator P(X, t) by

[%Jr T(l)]P = 0 (5)

with the initial condition P(X, 0) = I. It is convenient to define an auxiliary

(electric field) operator

_ 1
P(r, E, t) = —nqjdX' \Y; T——_')— P(r', v, t) (8)
r-r
so that 5 may be written
d q af
(7{+V>P+-E;P(E) v O

16




We first integrate along the orbits as described previously.

t
d
P = eVt - %‘J dr eV P(x, E, 1)+ 3y f(x, v, 7)
0

This expresses P in terms of f at other positions and earlier times. However

from the B = 0 approximation for f we have f(7) = e"®™") f(t). Thus

t
d
P = eVt - &J’ dr e V& N P(r, E, 7)) 37 V77 £(X, t) (7)

Operator Egqs. (6) and (7) may be solved by a Fourier transform in space
(k) and a Laplace transform in time («), provided we use an adiabatic hypothesis
to ignore the space and time variation of f in the transforms. Then the trans-
forms of the operators are given by

{oe] {se]
. . ik . 1
Pk, v,w) = j dr ek’ (r("T)"r] e VT el®T 4 %;—2 . j' dr ei®7 eik {”—T)“r]
(4} 0

8r(~r) d GV(T) _‘_9_ _47Ta_q ' { k- r' ¢r)-r' jwT VT
x{ “ar T Tov v f(r, v, t) e(k, w) dv i) 'dTe [ - ]e e
)

ik 4nn R SR, T
Pk, E, w) = ’EZ:T%J’“J’ areror e fremr) o ()

17



where the generalized dielectric function is given by

2 O
ek, w, v, t) = 1 “ 2 ik de j dr eio7 eike[rem]
0

d
av__ " 7‘7] f(r, v, t) (10)

To use the P operators we Fourier transform the operand, apply the oper-
ator, and invert the Fourier and Laplace transforms. For example the solution

to Eq. (4) is given by

Gesf 1 X,, X, 1) = P(X,, t) P(X,, t) G£5f [ X, X,, t =0y (11)

This solution is improper in several respects. For example one part of the
solution is given by Sf8f | X, (-t), X, (-t), t = 0), which does not vanish as
lri r, | »w, This defect is caused by the omission of three particle effects,
which tend to smear out the orbits and prevent the particles from being cor-
related to ‘ri -, | ~0, This represents non-analytic behavior in 8, and should
be corrected in the second order theory.

A second defect arises in the boundary conditions which should be applied
to the correlation functions. The difficulties of using the Fourier transform
illustrate this, for in general <8f8f> is not simply a function of r; ~r.. One
cannot seek the asymptotic behavior (in time) of wave effects'? for they cor-
respond to the propagation over large distance of the initial fluctuations, which

18




may be determined only by specifying a boundary condition. Once again we be-
lieve that the proper resolution should be found in the treatment of three particle
correlations.

Despite these difficulties we may find a first approximation to the kinetic
equation, for the potential q/|r, - r,| in the collision integral cuts off most of
the dependence on |rx - r2| > xnebye . We ignore the '"slow'" dependence on space

and approximate

Gt [k, ky, vy vy, t 2 0) = £(X;, £ = 0) == 5(v,-v,) s(k,; +k,)

+ gy (kg kg vy, vy t = 0) (27)3 5(k, *ky)

The function f (X,, t = 0) is written e¥(™*® f(X , t) in the collision integral, where
the operator eV(1)t must be inserted in the time integrals defining the trans-

formed (w) P operators. If we shorten notation by defining

(" J )
(Pr (k, V,“’)W k - ra(;"-)
d
P, (k, v, w) ) k- D
ﬁ > = j dr eiw-reik'[l‘(—'r)-l‘]ﬁ > (12)
Po (k, v, “’)l 0 1
Py (ko v, ©) | L eV U

19



then the kinetic equation is given by

3f q 9 dk  (der . fde,
FoPV(DE T gy Zr et | g e

x J‘dv2PI (—k, v, w2)}g2(k, Vi,V t 0) (13)

The Laplace transforms are evaluated by considering t in the asymptotic

limit. We illustrate the procedure with a simple example.

20




A. Inhomogeneous System

For a system with no fields the velocity v is a constant and r(t) = r+ vt.

The operators P, P_and Pv are given by

P, = (“iwtik - v)7! P = —(o-k- v)%k P, = (iw+ik-v)7lk
(14)
and the dielectric function is
f
w? fdvk- % w?(dvk:- ‘g‘f?
e(k, w,r, t) = 1+ — k- b (15)
k2 W™ v k? J(w-k-v)?2

As the methods of evaluation have been discussed elsewherel® we simply

give the result

af 9 2q% 9 Kk | ok vy -k v,)
9t Y vy ar, f = 7?m v, -Jdk; nq2jdv2 le(k, k - v2)|2 e(k’k'vz)
®(k,k'v)
1 d d 1 1 1
m [av1 - a_v;:l f(rp vy) £(ry Vo)t (k- v,-k-v,-ip)? |le(k k- v )I? w (e vy)
P @(k,k v) 8(k"’l-Qk)
) e e s [
k|dew &

0 de
@(wk)
Ek, O, t) . g, (k. v, vy t = 0) 6
.X %ad‘e‘(w )ZJ(k,rl’VI) (Qk_k.vz_i |7k|) (Qk—k'v3+i b/k!) (6)
w k

21



where ¢ is a real infinitesmal,», = §)_+ 7, and we have defined

. Y . laf(rl,vl) 1 laf(rl,vl)
J(korgovy) = DR +oms (k- v-07) = vt (k‘v1~kti;;-ip)25 7,
@(k,k'v) = +1 Ime(k, k-v) 20
t
E(k, t', t) = exp |2 J ¥, (7)dr an
tl

The collision integral conserves number density and momentum, but it does

not yield a correct energy law, for the energy transport cannot be written as

the divergence of a flux. Although the difficulty is easily traced to the spatial
adiabatic hypothesis in the Fourier transform, we believe that a more correct
mathematical treatment is not justified, as this will describe the flow over
large distances of the microscopic fluctuations originally present in the system.
Instead a treatment of three particle correlations should cut off the dependence

of the collision term on distant processes, as well as conserve energy.

B. Plasma in a Magnetic Field

For simplicity we assume a plasma in a uniform magnetic field Béz al-
though slow variation of B in space, and weak electric fields may be included
ea.sily.16 We express velocities and wavevectors in cylindrical coordinates,
taking the x direction as origin for angular variables; v - (vl, o, vz) ,

k (kl, a, kz). For physical applications it is appropriate to keep spatial

dependence in cartesian coordinates, so our notation is sometimes mixed. The
22




particle orbit is given by

<

1

v
_ ~ l . - o~
r(t) = rte, v, t+e, a)—c[sxn(9+wct)—sxn6]+eyac-

where

[cos 8 - cos (6‘ taw, t):l

_ 9B
Yo T mc
The P,, P,.and P operators are given by
C ) e
P, iJ, (a)
& e—iklvl/wc"ls;n(e—a) ein(f-2) nw_ ) ' AN A
Pv = Z x_ ﬁkzjn(a)+—\,—l—‘]n(a)el+1kl—ﬁe6
ik, J, (a) Lyky Ly-J (a)
Pr X + . + . kxB
» L
where
n aJn . o~
Ly(n,a,0,a) = ZJ,(a)cos(0-a)- i g sin (0 - a)
n aJn
L,(n, a, 6,a) = 3 J (a)sin(6-a)+ i gz cos(0-a) (18)
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J. is the Bessel function of order n, and we have defined

a = —_—, x (k,v,w) = ©-k, v, - no,

and the dielectric function is given by

k, v
2 J <__l_i>ein(9-a)
w . s n w
k 6~
c(kyw,r 1) =1 *Lz—jdve e ein(e E ~
n

1

o e 9 ik AT, g ik T, L (kv k)
x szn 8\,2 + Vl Jn aV t T da 906 f+

Ll‘Jn ~ 0
+——" kxB) - 3z £] (19)

The Laplace inversion and analytic continuation are now straightforward
but the result is so intricate the evaluation should be performed after approxi-
mations suitable to the problem at hand. A single difficulty arises, which is
the appearance of terms oscillating at multiples of the cylotron frequency.
These should be eliminated by time averaging over one period, for if the adia-
batic hypothesis is not satisfied (in effect making df/d¢ small) then our analysis
is not relevant to the rapid time variation of the system.

For purposes of approximating the k integral one must know the dependence

of the dielectric function «. However this lies within the linear theory and will
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not be discussed here. Even in the case of general fields leading to particle
drifts the collision integral conserves particle number and canonical momentum.
The transport of electrostatic energy is not described properly so that a more

thorough study of wave effects is needed.

V. Toward Second Order Plasma Theory

Our treatment in this section is very incomplete because of the great com-
plexity of the mathematics. We simplify the problem by working with the quasi-
linear hierarchy described by Dupree.8 The equations are formally identical to
those of the preceding section, but the correlation functions (wn) have no delta
function between spaces; they are non-singular. One obtains the same equations
by dropping from the BBGKY equations all terms in V¢, while keeping integrals
over such terms. Because the w_equations have no sources in f the correlation
functions do not relax to become functionals of f. In this respect the system
never becomes 'kinetic'' for knowledge of f alone is not sufficient to determine
the subsequent evolution.

Using the operators defined in Section IV, we have

n n—1
5?+ZT(1) Y - —ZO(i,n+1) Zwm( ’xl’ ) wn—m+1(. ’xn+l)
i=1 i= m=2
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The streaming solution (including shielding) is given by

w.oo = P, (le X t) w, (t = 0) (21)

where we have abbreviated P, (X, X,, ++ - X ; t) = P(X,, t) P(X,, t) -+ -P(X,, t).
Equation 20 has been integrated by Dupree for the special case Vf = 0, i.e. for a
homogeneous system with no forces, or else df/d¢ = 0 in the case of a uniform
magnetic field. We shall use his solution, despite the fact that it is not strictly

correct in general.17

For g - 0 we have

t n n“l
WS w - J. drP_(t-7) % O(i,nt 1) E Wm(”'xi’ ...;7)
0
m=2

i=1

Wit (0 X 7)) @2)

Since the source terms in the integral are of lower index an iterative solu-
tion for w_is now possible. Instead we use successive approximations in the
source terms, starting with the streaming solution. We approximate the be-
havior of the w_ by the streaming solution, after which the w_are treated as

the exact functions. We then use the commutative properties of the P operators
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acting on different spaces to write

t n n-1
wop T P o(t)w (t = 0) - L drP_(t-7) Zoa,m 1) me'l(t
i=1 m= 2

—T)Pn—_1m+ (t-myw (t)w, _ . (t) = P (t)w (t =0)- deP X, t
1 w 1 w Zl | ( i

n—1
it DF(X, t-r) X £-7) Zwm(...xi’ e )Wt (X £)
m=2 (23)

Substitution of w_,; ; into the equation for w _ yields

n—1

aa—t ZHT('I) w, o= —iO(i,nJrl) Zwm("'xi’"')Wn—m+1(""xn+1)

i=1 i=1 m=2

Fpenap 8 ) OGatD) duy e @4)
=1
The first w_,, , should be considered order 1, for while it is quantitatively
small its effect on w_cannot be found by expansion. The terms with factor g
should then be evaluated from the new 8= 0 equations.
Because w, , is the 8 = 0 solution for the source terms of w3, it follows
that w; , is the correct 5 = 0 solution for w;. Thus B(w3 W3 l) is formally

order 8% For n >3 the source terms must be iterated n - 2 times before
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B (wn - wn,n—Z) is order 3%. We pursue the general case no farther, but consider

n = 2, and drop the ,82 terms.

2

3 t
Jd
‘“+T(1)+T(2)]w = 0(j, 3) JdTPXi,t—TOi,4)P—1Xi,t—T
G 2= )0 ) | e e ot 9P )

i=1 i=1

2

x PTU(X,, t=7) wy(- X5 ) wol-, X t) - E 0(j, 3)w; o (25)
j=1
Although w; , depends explicitly on the initial value of w3, the evolution of
w, should not depend on a particular choice of the origin of time. To ensure
this we must give a consistent treatment of the initial value problem.

Because of the asymptotic analysis (Section III-C) and equation (23) we have

t—® 3
wy 1 (t) = Py(t)wy(t = 0) - j’ d’rZP(xi, t-7)o(i, HPHX,, t-7) PH(X,, t-7)

tt 0 =1

x Wy () wy (t)

so that w, (t)is a functional of w, (t)w, (t). The operators should be evaluated
in the asymptotic limit, which does not exist at this level because of particle
streaming. This defect should be corrected by the inclusion of order £ effects
in the solution for w,, but we may indicate the formal procedure. At the initial
instant we have

3
Wy (£ 0) 5 Py(0wy(t = 0) - ) E@wy(t 0wyt 0) (26

t1:t=0 i=1
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The left side denotes the measurable initial value for w;, from which the de-
pendence on w, (t = 0) (also measurable) must be subtracted to yield the proper
initial value for the term w; , of equation 25.

Due to the integrations of the operators 0(1, 3), 0(2, 3) on the initial value

of w, and the subsequent integration O(1, 2) in the evaluation of the collision term

for f, we may obtain an estimate of the effect of w; (t = 0) on the evolution of f
despite the unboundedness of the unintegrated quantities.

The term w, (t = 0) contributes an order § 2 term to the kinetic equation so
that a rough estimate is satisfactory. By ignoring the non linear terms in

Eq. (25), we may integrate to find this correction.

t 2
df
(5;) (ws (£ = 0)) = 0(1, 2) j drP, (t -7) Zo(j, 3)P; (T)w,y (t = 0)
0 3
We do not evaluate this term here, for it has the general form of the col-
lision integral produced by the initial value of g, of Section IV, and is formally
order S8 smaller.

Henceforth we omit w; (t = O0)and use the convenient notation w, = (Bfo)C

where the subscript denotes a continuous rather than a singular function.

2 3 t
J
[a—t + T(1)+T(2)] GE(Xy, t) sf(X,, t)), = Z o(j, 3) Z J dr P(X,, t
i=1 i1 "0

x0(i, HPYX,, t-7) P71 (X,, t-7) (GF ¢, 0 e (X, t)) (3£, ) 8£(X,, t)). @7
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Due to the sums

and the two ways of distributing the remaining coordinates the right side con-
tains 12 terms in (5f5f)_ (8f5f),.
We consider first the four terms containing both O(1, 3)and 0O(2, 4). Upon

evaluation we find that these terms have the form
Jdkj‘dk’ L(k, k') eik(T17r2) oik'(r1ora) (5g5f | k) (5£s€ | k),

while all remaining terms have the general form

Jdkeik‘(rl'rﬁ Jdk' £(k k) of k), (sfof [k,

The former terms correspond to an interaction between & f( Xl) and &f (Xz) over
a range |r; - r2| ~Ay, and will be neglected compared to the latter, which
represent the interaction of &f (Xz) and & f (Xz) separately with a fluctuation
background. This approximation, which is similar to the neglect of close en-
counters in the equations for h , causes a great simplification, for it follows

that the behavior of {Xl} and { Xz}separate as in Section V. It is convenient to
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abbreviate notation by treating only the X, dependence, written | §f (Xl, t)) We

have

[ait +T(1)] | s£(X,, t)) = o1, 3) J dr I:P(Xl, r)ocL, )P (X,, 7) P 1 (X,, 7)
0

N {| SE(X,, €)) GF(Xyn t) 56(Xy, €)). + | 5E(X,. €)) (G£(X,, €) 5E(X,, t)>c}
CP(XG 1) 03 P (X, 1) P, ) {Ge (X, 1) ae(X,. )] Be(x,. )

+ (5F(Xy, t) 8E(X5, t)) | 8E(X,, t)}] (28)

The operators 0(1, 4)and O(3, 4) create an electric field from the fluctuation
density &f (X4). In order to proceed we assume that this field may be ex-

pressed as

jdk SE(k) eilf'r g7 iogt

Although this is consistent with the asymptotic behavior from linear theory,18
it does not necessarily give the proper connection to the initial state of the

system, contrary to the procedures of Section III. Finally because the correlation
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function (5f(X,) 8 £(X,)) is not a function of r, ~ r, except in the case of spatial
homogeneity we use an adiabatic hypothesis to omit the dependence on slow

spatial variation.

‘ iw T ik- dJ
l:ga; +T(1)] | s£(X,, t)) = o1, 3)J’ de dk3 e ¥ [P(Xl, 7) e KTy 1
o (2mm) 1
« P U(X,, 7) {<8f (k, vy, t) SE(k, ©)) e KT sF(X,, th+ GF(X,, £) 8£(X;5, t)),
koryg 9 -ikery

x| SE(k, )} +P(X,, 7) e mavy PH(X5 ) {(Sf(—k, vy t) SE(k, ), e

« | SE(X,, t)) + (X, t) sE(X;, t)) | SE(K, t))}} (29)

The P operator contains two terms, a flow operator and a shielding operator.
Because evaluation of the latter requires once again an assumption about the
behavior of the electric field we leave these terms for further study and ap-

proximate

. J .
P(X, 7) eik T v P! (X, 7) by e VT eik'r a—‘evT
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in Eq. (29).

[ait 4 T(l)] | s£(X,, £)) = %0(1, 3) j

0

‘ d dk o, 7 | ikery(-7) ary (1)
T (277)3 e e avl

a 8vl (’T) a

“or, Y av, avl} {e'ik'rf‘ Gk, v,y t) SEk, ), | 8£(X,, 1)) + GF(X,, t)

ker, -y |9F3 (T) vy (1) 9
ikerg(-7) 3 d 3
x 5f(X5, t))_ | SE(k, t)>}+e r3 { v ar t avy av3}{8f(—k, vy t)

x SE(k, t)), e T3 SE(X5, t)) + (SF(Xy, t) 8£(X;5, t)) | SE(K, t))} (30)

The first term may be evaluated by carrying the = integration to infinity

@ ) i ar, (1)
d dk g2 J iogr ‘k'[rl(‘T)“rl] \:————1
S - - d
v, j (21)° m? (3E(k, t) 8E(-k, t)) i T e e Iv,

av, (1) 9
9 1
A R IECa)

This term describes the diffusion of particle orbits due to background fluctua-
tions in the electric field. This effect was first described by Dupree,19 who based

his theory on the Vlasov equation.
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Before proceeding we discuss the consistency relations which modify the
right side of Eq. (30). It should be noted that the desired consistency should be
sought between the new equations for w_ (Eq. (24)) where the behavior of each w_
now differs from the 5 = 0 approximation because of interactions with w,. This
modified behavior alters the P_ which propagate the w  in time, which in turn
leads to a correction of the "collision operator' relating dw_sdttow (t)w _ ., (t).
In the approximation that interactions between spaces X, XJ. are neglected
the consistency for the w_equations simplifies greatly because of the possibility
of treating each "§$f'" separately. The desired consistency among the equations

for w_ now reduces to self consistency of the | 8f) equation, as in the case of the

Vlasov theory (Section B).
We wish to modify P, which propagates | 5f> for 8 = 0, to absorb the correct-

ions produced by the right side of Eq. (30). These corrections should alter in a

self consistent way the collision operator relating d | 5£)/dt to (5£(t) 8f(t))| sf(t)).

Since this appears very difficult to carry out we simply indicate how some of the
consistency relations might be included.
Thus if we modify the orbits and ignore the other order j corrections, then

in Eq. (30) we replace (symbolically) the operator

-vr _ik'r - VT

-v'r ik'r eV’T
A4
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where

and

les)

d J q2 dk T gt .
Dy Jv *Dp 35 = 55(277)3 (SE(k, t) SE(-k, t))J dre K eV7eik'r
0

ba_ eV"r e—ik‘r
v

This correction has been considered in the limit of short timel? and long

timezo in other work. This orbit correction may be applied to any other
resonance term to eliminate mathematical difficulties, but its effect may be
small compared to the other order Sterms in a particular physical problem.

The fourth term may also be evaluated by carrying the 7 integration to

infinity.

2 ' : ' . ® ]
q J dk dk _ i(k+k ) iker, o, 7
T T v, j‘(2n)3j’(277)3 jdv3 47nq Tk+ k]2 | SE(K, t)) e dr e

0

wefeacryr] P25 () vy (1) 0
y e"["s< )71y [——3——— Y §v3 . 8v3] GE(-k', vy, t) 8£(k', vy, t))

A c

This term represents a correction to the shielding of l 8E> due to non-
uniformity in the background plasma. The principal effect is a correction to

the dielectric function, leading to a change in the frequency w, .
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The second and third terms describe effects similar to large angle scattering

in a Boltzmann gas. The third

2 . @
q% o dk dk’ _i(k+k) i, 7 ik'[l‘ <-7>-r]
. . dv. 4 LAY ) k 3 3
2 le j(2ﬂ)3 j(277)3 S V3 anmng (k+k')2 i re e

ik’org

dr, (7) av, (1) 5
x Gk, vy, ) B, ©), - [—3# RV el &] Bk, vy t))e

represents the correction to the electric field caused by the modified orbits of
the fluctuation particles. The second cannot be evaluated as written in Eq. (30)
because the time integral is not well defined at its upper limit. This may be
corrected by including the diffusion of orbits, but the self consistent correction
due to scattering is probably more important physically. In both terms the
non-linearity must be taken into account in correcting the P operator, because

als f}/ 5t depends on the velocity distribution of the correlation functions through

Jdv’ jdk’ Gk, vysf(-k', v'))
We expect these scattering terms to be important for the description of acoustic

phenomena where phase velocities are essentially constant over a range of wave

numbers.
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It is obvious that second order plasma theory is very complicated even
when particle discreteness effects are omitted. It appears desirable to seek
criteria for the relative importance of terms in a given physical situation, and

means of approximating them, rather than a significantly better analytic treatment.

A. Comparison with Quasilinear Theory

In the analysis of quasilinear theory and mode coupling one derives an
equation for a spatially averaged distribution f, (v, t) by solving the equations
for the fluctuations (Fourier transformed) f, (v, t), E, (t).

Thus the right side of the equation

af, 3 dk
_ q 9
dt = T modv J’ (277)3 <fk (v, t)E—k (t>>r (31)
is to be found from the equations

of af p

. q 0 q d dk _
o¢ T ik vt By s 5y tway j (27)3 Ey' fyxr = O (32)

ik - E, = 47Tﬁqjdv £ (33)

The usual procedure is to solve Eq. (32) by perturbation theory, treating

the convolution integral as small. Thus the first approximation arises from
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the solution of the linearized Vlasov equation, while the corrections may be
written as the sum of two series: 1) Terms proportional to df, Jv which we
call shielding terms and shall discuss later. 2) Terms containing

e ik Ve fy (v, t=0) which are usually called the "initial value terms." We shall
discuss these terms first. Dropping the shielding term from Eq. (32), and per-

forming a power series expansion in E, we find

ka,i‘v. = e—ik’Vt fk (V, t = O)
t
| B q Cikev e d dk’ —iw T
fk?'i = T j dr e”ikV(t-T) Iy j ———(277)3 Ekz(t = 0e k fk_k’l,i.v. (v, 7)
0

where the dependence on f(t = 0) arises from the convolution over fy_y .

Because

9 . q d dk’
(W t ik V) fx +mav - I(Qﬂ)a By fioi’
is the transform of

0
(a—t+v-v+%5E-W> St

which may be identified with particle orbits, we draw the following conclusion:

Neglecting initial value terms is equivalent to neglecting the effect of electric
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fields on the orbits (or statistical orbits) of particles in the fluctuations, and
the modification of the electric fields due to these particle deflections.
As an example we consider f k2, .y, Ifrom the perturbation analysis and

average over the electric fields in the random phase approximation.

2
fk,i.v.

3|0

t T
. d dk’ —iw T
dr e ik V(t-T) v | T F B (t =0)e k (— ﬂ_) dr’
o (2m) m 0

-iw_ T
-k

) i o a ! T TN ]
y e—‘(k_k Yrv(T-T") a—vE—k' (t = O)e e ikK'vr fk(v’ t =0)

The quantity is equal to the first correction (in D, Dy) to the solution of

0 d J )
I:W+v-V—‘g‘7- Dy " 5v ~3v * Dy - g?]éf = 0
where D, and Dy are given without the consistency requirement, and with upper
limit t in the time integration. By dropping initial value terms we omit this
correction.

We next consider the effect of the perturbation treatment on the shielding
terms. A simple way to estimate some of these effects is to expand (inD,,D,)

the equation

Qs
s

0 . g J 9 . q 0 _
(W+1k'v>fk—a—v.Dv'Wfk_8v°Dr'lkfk+mEk'av =0
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The lowest order term

—iwg t R af()
*ik-v)"l (e k _e'lk'vt> Ek(t =0) 3y

o - 9.
fk,s - m (1wk

varies as
q K __0
“mte Ek  dv

in the resonance region «, = kv. We may estimate the fastest growing correc-
tion from the term in D, and overestimate the time of validity of the expansion

by treating D, as constant.

t -
s T Sikeveen) |2 9,9 .y o
fk,s = j‘ dr e™? V(t-T7) [:()V . DV v + av Dl" ik fk,s (7)
0
af0 ! (92 T .
fklvs(fastest growing) ~ % E, (t=0)- 5, D¢ .[ dr e ik V(-T) o L dr e kv
o
X e_lwkT
Jf

0 “iwt

. q . , oyt ey
fkvs(resonance) mEEk(t =0) - Ty (1k - Dy - 1k) 12 ©

By comparing f,' = and f kO . we see that the perturbation series breaks down?1

in the resonance region for t~ (k2 Dv)_ 13 From the equation

If, 9 af,
at  — odv ~PYv T dv
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we may estimate the time for f; to change as t ~ v2/Dv. Thus the perturbation
expansion may break down before f;changes significantly.

Although this breakdown need not affect the electric fields strongly (the
secularities vanish on velocity integration) it should modify the behavior of f
significantly. We believe that corrections to the f, equation (through f,) should

be included if the mode coupling analysis is to be considered valid.

B. Comparison with Dupree's Theory

In Dupree's perturbation theory for plasma turbulence the starting point

is the Vlasov equation together with Poisson's Equation (33).
d 0
(a—t‘+v—V+%E-m‘)f(r,v,t) = 0 (34)

The electric field and distribution function are then expanded in Fourier
series in space (k) followed by an additional Fourier series in the phases

( B By * ) relative to the arbitrary initial phases of the electric field.

E(r, t) = ZEk(t)eXP(ik' r+iﬁk)
k

23]

. . . B - ,,ﬁ ’
f(r, v, t) = E eikT E F(nk, nk/,---) e "KK JTKUPRT L

k nk,nk:,---:‘00
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Before proceeding we point out that Dupree's statement that at the initial

instant

F(nk’nk’,"') = 0 unless N, Ny’/> N7 *° = 0

is not consistent with Poisson's equation, so that the electric field is not uniquely
determined. The statement regarding f(t = 0) is essentially that of dropping the
initial value terms of quasilinear theory,‘?‘2 except that the diffusion correction
D, to the orbits is produced by the statistical fields. The consequences of this

19 who have noted the

approach have been discussed by Orszog and Kraichnan,
similarity to the stochastic acceleration problem.
Instead of discussing the difficulties of Dupree's approach, we give a simple
procedure based on the Vlasov equation which substantially duplicates the theory
based on the equations for W, while permitting a comparison with Dupree's

result.

We may ensemble average Eq. (34) in any convenient way to find

(%+v.v)<f>+r%—<]§:> .a—(?v<f> = - A . (5f5E) (35)

The difference quantity f - (f) = §f then satisfies the equation

(‘aa_t f v T o+ %<E> . 5‘%) sf = -8 %;7 [5f8E—(8f5E>] (36)
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where we have inserted S in order to follow the procedure described in Sections II
and III. We wish to obtain a statistical estimate of the order S terms by using a

self consistent perturbation theory. From a power series expansion in 8 we find

§£0 = P(t) Sf(t=0); SE? = P(E, t) 8f(t=0)

et e kK SE(k, t = 0)

t 9
o g femend pomo-como]
0

1
SE! = -fq {dr' | dv' V —— sfl(r’, v', t)
lr-r'|

By using the 3 = 0 solutions we may write 5f! (t) and SE! (t)in terms of 5£° (t)
and SE° (t). Then multiplying $f' by SE and SE'by 5f and dropping sub-

scripts yields

t

d dk : iw =T

SE(X, t)SE(xr, t) = —%I drP(X, t-7) 3, JW eik'T o k€t >P'1 X, t-7)
0

« [BE(k, £) 56X, ) 5ECr, t) - GECK, €) 58k, v, t)) e KT 5E(r, 0)

=2 1 ‘ d dk ker'
SE(r, )X, t) = “: jdr’ jdv'vmj drP(X', t-7) 3y jz;;g eiker
0 rt

jwy (-
% el k T)

P (X', t-7) [5E(k, £) 36X, £) 8£(X, t) - GE(k, )56k, v/, )

« e ik T seex, t)]
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We now average in all ways so as to obtain pair correlations, and add to obtain

all statistical contributions to the right side of Eq. (36).

88f) statistical) Q9 t dk e r 5
Jt = . d Yk iker L p-l¢X
(at (collisions m2 v o 4 (277)3 e [P(x» T)e Jv P (A7)

x {(5E(k, t) SEC-k, t)) e KT s£(X, t)+ (s£(X, t) 8E(r, t)) SE(k, t)}

n 1 ) '+ d
- g L av @ — P(X', 7)eik'T P 1(X', 1)
m le-r']| av'

x {<5E(k, ) Sf(-k, v, £)) e KT SE(X', t) ¢ GEX, t) B (X, t£)) SE(k, t)}]

Although we are unable to motivate the above procedures, the result is identical

to Eq. (29). As discussed previously one of these terms (modified by the con-
sistency relation) is the diffusion correction to the orbits first obtained by

Dupree.

VI. Boltzmann Gas

In this section we use the BBGKY equations for g_ (X, * * * X,)), the n par-
ticle correlation function (gl = f) . The force field F is produced externally
and will be considered independent of time. Although some results may be

obtained more directly by considering the n particle distribution f,, we follow
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the procedure described previously. g satisfies the equation

where

¢ 1is the potential, and 3 is the ordering parameter. The sum

n—1
: ; gm gn"m

m=1 i#j

includes all possible ways of distributing the n coordinates such that each ap-
pears once, and the i, j sum runs over all values which take one coordinate
index from each correlation function.

Instead of attempting to write the full solution for 8 = 0, we consider the

effect of the source terms for g, as successive corrections, and use a second
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subscript to indicate the order of approximation of the source terms. Thus g_
(@o source term) is equal to e "t g (X;, + + + X [t =0), where ¢ " runs the
particles backward on their orbits for time t. By using the g_ , solutions in

the source terms we may find g_,. Since

we may write (withn >2, 3=0).

9 —
L CRD B0 R TN PIPRI:

m:1
n—1 n-1
- _ -H t B
g, 1 - ¢ fnt E €ao(t = 0)g .o (t=0)- E € o (t) Erpo ()T e ™ g (t=0)
m=1 m=1

(38)

Note that the sum on m contains all distinct ways of distributing the n coordinates
between g_and g, _ . We use the relation g , (t =0) = em* g (t) and then

treat the g_ , as the exact functions, thereby throwing the approximation over
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to the operator.

n-1
_ —Hnt Hmt Hn‘_mt —Hnt _
g, 1 (t) = E e e ™ e —lrg (t)g, . (t)+e g, (£t=0)
m= 1

The limit t—~® on the operator does not exist unless boundary conditions at

r = @ are specified on the functions g_ (including g, = f'), for this operator
brings in particles from greater distances as t increases. This should not
occur because the orbits are altered by statistical encounters with particles in
the space (rn+ 15 Vo4 1) . However these effects are excluded by the ordering of
terms in the hierarchy, so that order ( effects should be included to give a
proper result. Nevertheless g, ; (8 =0) may be used to obtain the first ap-

proximation to the collision integral.

A. Boltzmann Equation

For n = 2 we have

g, = e 2t g, (t = 0) + {e_H2t R A 1} f(_xl, t) f(xz, t) (39)

We substitute this result into the equation for f, and discard the initial value

term g, (t=0), which will vanish for long times if order [ effects are included
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in the g, equation.

9 F 9 _ - 9 [ -H,t Hjt Hyt
[8t tovy eVt 8v1j‘Jf - n Jdr2dv2V1¢12- av, [e Yele _1] f(xl* t)

J
x £(X,, t) +@ J’drzdv2V1¢12- v, £(X,. t) £(X,, t) +EﬁJ’dr2dv2V1¢12

d
vy [e2e2 (87 0)] ¢40)

The term g, - g, (8= 0) is formally order [, so the corresponding term in the
equation is order 3% and may be neglected. We cut off t in the operator at some

large time T, use the consequent relation

_ d 9
Hyg, = Vb dv, dv, ff

and the fact that

to write
) F 0 ) _ -H,T HyT BT
[:7;?+v1'v1+?n—'§v—l]f _ HJ’drngQ[v]'\/lsz'v:z][c‘ 2" . LIPS 1 —1] f(xl,t) f(x2, t)
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Although Bogoluibov! obtained essentially this result he evaluated it in~
correctly. The result is improper as written because the correlation extend
to large distances |v1 - v2\ T, or @ in Bogoluibov's derivation. Since interactions
with a statistically distributed third particle (an order g effect) will destroy the
correlation we cut off the integral at a distance A\ somewhat less than a mean free
path. At distances of this order the collisional correction to g, and to f (since
f does not evolve as e—Hltf(t = 0)for a mean free time) must be taken into ac-
count by the second order theory.

We first change the variable of integrationto r = r,-r,; = (b, ¢, z) where

z is parallel to v, - v, and use the fact that

J’ng = 0

d _ J -“H,T H;T H,T
o¢ T H| f = 1 |dv, | bdbdpdz v, - v,| 9z [e e e -1
x f(rl,vl,t) f(r1+r,v2,t)

The external force affects only the motion of the center of mass and drops
out of the operators in the collision integral. The z integral is cut off as

specified above.
(9 _— I l‘ ' i
[(3—t+Hl]f = nj‘dvzjbdbdcb‘vl—v:z‘ {f(rl,vl) f(r2,v2)

- f(rl, "1) f(r1 A, "2)}
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Here r/,v,, r,, v, scatter in the absence of an external field to produce r,,
vy, T; A, v,. We expand r, and r, above r,, keeping terms in Vf, and find
by evaluation

A(vllvvl) >\EV2I 77‘,21

Or 1 Ar -

‘v1~v2| ’ 2 1v1~v2'

so that the resultant equation is

Jf F df — ' :
et vy Vo f v EV—I = n J‘d‘zj‘bdbdgb(VI_‘,Q\ [f(rl, "1) f(rl, v2)

If(ry. vy)

- f(ry, vy) £y, v2)] + ﬁkjdv2jbdt)dp (vii-vi) s T, (T vs)

8f(r1, v2')
fvy V) f(rnvy) T ﬁAjdedebd¢ (v vs)

8f(r1, v2)
f(ry, Vi) — or, “b

The first term on the right is the usual Boltzmann integral, and the cor-
rections due to a spatial gradient may be identified with the orbits of the scat-

tering particles. The first represents a correction to the number scattered

into r,, v,because the number of collisions at a distance A is not generally the




same as the number at r,. Since particles scattering into r, v, suffered col-

lisions at an earlier time, for consistency the number scattered out of r, v,
should be evaluated at this earlier time. This gives rise to the second term
in Vf, a correction to the number scattered out of r,, v,, because the target
particle density must be evaluated at r| + .

The collision integral conserves local number density, but it contributes

to 2 momentum and energy flux.
j’dle(vl) [collision integral] = nA\VY, jdvlle(vl) Jdv2 {f(rl, "1)

X f(rl, v2) - f(rl,vl') f(rl, v2’)}

where

X(vl) = {Hmvl, %Hmvlz}

We have not pointed out several minor difficulties in the derivation of the
kinetic equation, as their resolution should be based on the inclusion of three

particle effects.
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B. Higher Order Effects

As in Part A we substitute each g _,; ; into the order 3 term of the equation

for g_ and calculate the collisional correction to behavior of g .

Z" -H H ot H
x {H“+1—Hn (xl’ "'xn) - Hl(xl‘+1)] {e n'*'lt e mt e n m+lt _ l}gm gn—m+1
m=1 t1

n

d

= _BH; Jdrn+lvi ¢)i.n+1 ' ?9_\’_1 [gn“'l»l - gn+1] (42)

i=1

The collision term is evaluated as before.

n-1
) d —
[aLt_+Hn]gn’ZZvi¢ij'avi gm( Xi...) gn_m(...xj...) -njdxn+l Zvi.vi
m=1 i, j i

n

_ a
H T HT H _ 4T L N
X E {e ntl o'm® g Tt 1 }gm Eomtl ~n,8jdxn+lvi cbi'n“ . avi [gnn‘l gn+1]

m=1

Each integral over ¢/dr ., should be cut off consistent with the collision oper-
ator in the next higher equation. We are unable to perform this operation at

present, but progress is still possible for n = 2,
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For n = 2 we may write

2 3

J d _
a9t t Hy gz_ZvidDu'@v—i”'“ dxsZ[Vi'vi] Z

i£j=1 i=1 permutations

x {e‘“sTe“zTe“lT-l}gz(xi,xj,t) £(X,. t) = —ﬁﬁjdx3[H3-H2(X1,X2) -1, (%))

% {gs,z - g3,1} + ng’ jdxs [Hs -H, (xl* xz) 'Hl(xs)] {gs,z —g3} (43)

where g; , includes the second approximation to the source terms of the g,
equation. The difference between g; and g; , is regarded as order S and will

be neglected here. (In general g _; isa functional of f, and the difference

g, ~ g,.1 should be treated as one order smaller,ie. g ~g, -1 ~ 0(Bg.)). We
may calculate g; , to order 1 by using the first approximation g, ; in the source

term.

d d
{:87+ H3] gz2 — % 2 2 vi¢ij A gy f

i,j permutations

- —Z‘ {Hasz_Hl] gz,lf

p
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Since

and

we find

g3 ,(t) ~

232

__of
H f = - 3%
_ 9ean 3
Hygyn = -~ "5t Viqbijmmi— ff

o Z g21 (t = 0) f(t = 0)+ f(t = 0) f(t = 0) f(t = 0)

P

") Ry (8 £(6) = B ECE) £CE)

P

-H,t H;t H,t Hyt —Hthth
e3e1e1elﬂfe e el 12

p

x £(Xy, t) £(X,. t) £(X5. t)




In calculating the difference 8(g; , - g3, 1) to order 8 we may approximate

€3 1 (gz) to order one by g3 , (82,1)

g3_1(g2,1) _ Z {e—ﬂ3t eH2 (Xi,xj)teﬂl(xk)t _ 1}%2,1 (xi’ XJ—, t) f(xk, t) ‘
P |

Z {e'Hst M2 (X X eHI(xk)'c - 1} {e—H2(xi’xj)t JH1(Xy)t
P

S 1} £(X,, t) £(X,. £) £(X,. t)

Taking the difference we find

“Hzt  Hy(X, X )t Hy(X)t “Hyt Hy(X;)t 1
2 : 3 2 1(Re)t _ 3 1
g3,2(g211) T 831 e e e 2e e t |

P
e BXoe f(X,, t) £(X,, t) £(X,. t)

We substitute this result into Eq. (43) to find the equation for g,, correct

to order 8.

3
d d -4,T H,T H,T
[;T+H2]g2— E V. %t Ty ff—deXS E [v: - V. E {e el el —1}

3

-H,T H,T H,T -H,T H;T H,T H,T
x gy f = —dexs ? [vi-vi]{E e Petel —2 Peleglel +1}fff

i=1 P (44)
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The integrals should be cut off by considering the effect of a statistically dis-
tributed fourth particle. By initial hypothesis g, should depend on this cutoff

in a weak way (order 8%). As before g, should be obtained in terms of an
arbitrary f, after which the dependence on f at earlier times should be elimin-
ated using the formal solution for the Boltzmann equation (Eq. (41)). The latter
requirement may be avoided if we consider a system sufficiently near equilibrium
so that the change of f due to flow is canceled to order 3 by the effects of col-
lisions. Even in this (transport) regime the solution of the g, equation appears

difficult, for the collisional shielding terms cannot be found by expansion.

VII. Plasma Equilibrium
For the study of thermal equilibrium the cluster expansion discussed

recently by Ramanathan23

is most suitable. In equilibrium the one particle
distribution is simply f (Xl) = f (vl), the Maxwellian velocity distribution.

The pair and triplet correlations o, (ri T} gy, (ri, r., rk) are defined

by

f, = fm(vl) fm(Vz) (1 +a12)
£y = £.(vy) £a(va) Fa(vs) (T+ay,) (Lrays) (1+ags) (1 )

The pair correlation is related to that of the BBGKYby g, = f (v ) fa (Vz) ®yg
while the triplet correlations are quite different. For either hierarchy of equa-
tions the usual expansion procedures are not uniformly valid; they break down

for large r, ;- In this section we find a convergent order B correction to @ 12.

56




The function a,, satisfies the equation

1 B _
Cay, = ~ BT Vi®12 " KT |V1P12%12 +njdr3v1¢13 {a13a23+a12a23

+a123} + 0(8%) + .-+ @5)

where the operator C is defined by
CCOWXL X, ) = Tow g | e Vs g (e e o)
i o i KT i' Vi P, i (i” I

and ¢ is the potential ¢ij = —qz/h-i -r, \ The triplet correlation & satisfies

the equation

n
Cli)a;;, = -ﬁJ-dr4vi¢i4aj4ak4+0(ﬁ)+°“ (46)

and all 8 = 0 equations for n> 2 have the form

a ' no dependence
Clida;vin = _ﬁjdrn"’lvigbi,n‘fl on r.

1
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We now define y i ,which is the zero order approximation to the pair correlation,

by
. 1
Clidx;; = KT Vi dy; Xy (@) =0
In a plasma
2
x.. = o9 e—‘ri_rj|/>\d
tI KT‘ri—rj|

where A 2 = KT/47nq% We see at once that Eq. (46) has the solution

“ije nj’dr‘zxm U4 Qya

We substitute this result into Eq. (45), with i = 3, and use the approximation

a,3 =) X,3 in the term a, a,;, to find the equation for o, correct to order B.

1 _
C(1)ay, = = KT itz * B|ViXxi2212%0 J‘drsvl X13%13 %23 (47)
If we use perturbation theory we substitute a,, = Xx;;on the right and use the
integral
Ciya, = V() 2 a = f(r )
3 EREETEES | B ST




then we find at once

1 _
R T +§I(1) X122+“de3X123X23

which is the result obtained previously by Rostoker and O'Neil24 for ry, ~Ag4e

This result breaks down for r;, ~q?/KT, where o, = eX12 Landforri, >> Ay

In the latter case we approximate a,, and a,; by xin the order £ terms of

Eq. 47), to find

c(1 o ldr, Y, v 2 - Ly N 4
(D)o, =75 jdr; VX 3223 = KT V1i®12 ¥ 2 V1 X12 (48)

We use a Fourier transform to solve Eq. (48).
k2>\2 _Z(ﬁ k}\dQ In 1+1k>\d/2
kA2 kA ikAy/

The inverse transformation is evaluated by analytic continuation. The result

comes from the pole at
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where the contribution from a branch cut starting at k = 2ik, may be neglected

for large r,.

aj,(r) = - KTr € — 49)

It is apparent that the asymptotic behavior of a,,remains undetermined.

VII. Conclusion

Although the procedures described in this paper appear adequate for the
calculation of a reasonably accurate (first order) collision term, it may be de-
sirable to recast the theory in less mathematical form for the calculation of
higher order corrections. Since the solution of the first order theory is necessary
for the calculation of higher order terms, we must consider the development of
procedures for solving kinetic equations as a primary goal. For the important
case of asymptotic solutions (in the domain of transport theory) the knowledge
of first order solutions may not be necessary, but it is not clear that second

order corrections will be important in this regime.

60




1.

10.

11.

12.

N. Bogoliubov, Studies in Statistical Mechanics, V. 1 (North Holland Publ.

Co., Amsterdam, 1962).

E. Frieman, Journal of Math. Phys. 4, 410, 1963.

. W. E. Drummond and D. Pines, Nucl. Fusion 1962 suppl., p. 1049.

. E. P. Velikhov, A. A. Vedenov, R. F, Sagdeev, Nucl. Fusion 1962 suppl.,

p. 465.

. T. H. Dupree, Phys. F1. 9, 1773, 1966.

. Y. L. Klimontovish, JETP 6, 753, 1958 and JETP 10, 524, 1960.

T. H. Dupree, Phys. FL. 6, 1714, 1963,

. T. H. Dupree, ref. 7, p. 1717,

. S. Chapman and T. G. Cowling, The Mathematical Theory of Non-Uniform

Gases, 2nd ed., Cambridge University Press, London, 1960.

The inclusion of time variation causes great difficulties, for even the
operator P defined later must be generalized. These difficulties appear
inevitably in the second order theory.

T. H. Dupree, ref. 7. The equation for the particle fluctuation "5f" is
augmented by the Maxwell curl equations for SE and $B. The propagation
operator for ¢f must then be generalized to a 3 x 3 matrix which propa-
gates (&8f, SE, §B).

In general one may think of each coordinate as having an associated par-
ticle index. Thus h3wa(xl, X,, X;) = h(X,, s X, v Xy, q), ete.

The integration creating an electric field becomes integration plus

61



summation over particle species.

1 1 .
— dx/v____.h ,,.,x/’_'. ==\ — dx,v________h "‘;X‘,I/;"'
an |r—r'\ n( ) ) Znyqvj \r_r,\ n( )
v
Henceforth any velocity integration shall imply summation over the as-

sociated particle species.

13. In the multispecies case

14. H. L. Berk, C. W. Horton, M. N. Rosenbluth, R. N. Sudan, Phys. Fl. 10,
2003, 1967. In the present work we wish to avoid long range effects (wave
propagation) by using statistical arguments.

15. J. C. Price, Phys. FIl. 10, 1623, 1967.

16. T. G. Northrop, The Adiabatic Motion of Charged Particles, Interscience

Publishers, New York, 1963.

17. Because of the time dependence of f, the propagator depends on t as well
as t - 7, so that a more general notation is needed. Lacking an explicit
form for the operator we continue as before, for the notation remains con-
sistent after the approximations we are forced to make.

18. L. D. Landau, J. Phys. (U.S.S.R.) 10, 25, 1946.

62




. S. A. Orszag and R. H. Kraichnan, Phys. Fl. 10, 1720, 1967.
. T. H. Dupree, ref. 5. The quantity D, does not appear in Dupree's work

because of a Markhov hypothesis for the behavior of the particle fluctuations.

. The series converges, but one must include more and more terms as t increases.

. T. H. Dupree, Phys. Fl. 10, 1052, 1967.
. G. V. Ramanathan, J. Math. Phys. 7, 1507, 1966.
. T. O'Neil, T N. Rostoker, Phys. 8, 1109, 1965. The integrations are per-

formed in this paper.

63



ACKNOWLEDGMENT
The author wishes to thank Dr. T. G. Northrop for comments on the

manuscript.

64




